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Coordinat! l~lt!ml

Let's review some basic operations of the graphics pipeline and define some
coordinate systems. In general, the pipeline transforms a coordinate point
through a whole chain of coordin ate spaces on its way to the screen. I'm
going to vastly simplify the process for the purposes of th is discussion.
T here are only two coord inate spaces that we'll really need to deal with
here; eye space and pixel space.

We'll start with polygon vertices in eye space, the coordinate space
with the eye at the origin looking down the Z axis. T his space is significant

J U L Y

The fxisti n~ machinery
r irsr some notational conventions : I'll write matrices in boldface, vectors
t in roman type, and vector elements in italics with subscripts. A general
homogeneous vector, one whose w component is not 1, will appear with a
tilde over the name. A vector of the same name with no tilde repr esents
that homogeneous vector with the w component divided out.

It's always a red-letter day when I can figure out a new use for homogene­
ous coordinates. This time I'll tell about a way to use them to do interpo­

lation of various parameters properly when tiling polygons. The exact
definition of "properly" comes from one of those things that homogeneous
coordinates is good at- perspective.

IhepterSixteen: Grandpa, What DO~ i "Viewport~ m ~an ?

~ o What?
I've rarely seen any computer graphics books address the problem of

.no~-squ are screens during initialization of the transforms of the graphics
~1~~It~e . T he offsc.reen viewport calculation does this nicely. You just
initialize a default Viewport to go to (- I , +1) in both x and y. If this sticks
out beyo.n? the ND~ ran~e, e.g., in y for a landscape-oriented display, the
proper Visible subregion will be automatically extracted with the CTM set
u~ to map that region to the standard clip region. The clipper is none the
Wiser, but you get a non-distorted picture on the screen. It 's taken me a
good long time to figure this Out, but now I'm finally happy with it.
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N ow we want to write th is in terms of the endpoints of the edge in pixel
space. Each endpoint satisfies

P' = ~'
P~

Divide ou t the w component to get P:

p'+ ~ (p" -h
P

p~ + ~(P~' - P~ )

Transform it by M to get P :

p = E M = E' M+ ~(E"M-E'M)= p' + ~ (ji " - h

p. =aX +bY +c

0. goes from 0 at P ' to 1 at P". T he intersection is then

P ~P' +a(P' - P')

Another QU!ltion
But there's another question about why th is works. What we actu~lIy st~rt

with is a flat polygon in rye space. We then put it ~roug.h this we.lrd
perspective-distorting transform and expect tha t mer e lmea.r ~nterpola tlo~

in pixel space gives us the correct Z value. To sh? w that this IS really OK ,
let's start with a point a distance 13 along an edge In eye space.

E =E'+~(E" -E')

We step down the screen in equal steps of Y, which means we a:e ~oing

to evaluate the above for equal steps in 0.. \Ve typically do th is Ill.an
increme ntal mann er; we precalculate the change in P for each scan line
jump and just add that increment to P each tim e th rough the .Yloop. .

T her e is an implicit assumption he re . T he Y, X nested interpolation
works consistently on ly if the polygon is well behaved. By that I mean tha t
all the vertices in P space are coplanar. Effectively; the relation of P: to pixel
coordina tes is of the form

Thefxiltiny Illachinerq

Y - P'
a =- - -'

P"- P', s

Let 's examine the mathematics of the Y loop more closely. We are
given coordina tes at (\\'0 endpoints of an ed~e; let's. call the m P' and P".
The edge intersects scan line Y at a proport ional distance between these
two points of

pIp. =p = [~ ,P"P"l]

(hapter Ieventeen; H~ptrboJi ( Interpolatillll

I've diagramm ed these relation s in Figure 17.1. T he key
thing that we are going to worry about is the man ipulation
of coordinates eith er before or after the homogeneous
division.

We then do the perspecti ve distortion necessary to get to hardware
pixel space in two steps. First we multiply by a 4 X 4 mat rix consisting of a
perspective transforma tion and a viewport transformation . I'll call th is
matrix 1\1. Since M has a perspective compone nt, the w coordinate of the
transfo rme d point will no t b~ L

E M= p+~, ~, p..p·l

because it's the last one of the chain where physical dista nces are mea ning­
ful. For examp le, its wher e we must perform all lighting calculations. Let 's
call a point in this space E. In homogeneous coo rdinates this is

\ Ve will perform clipping in this coo rdinate system. (This is different from
the optimized clipping space I discussed in Chapter 13, but that JUSt
changes the coefficients of the clipping planes used. It doesn't change the
basic math ematical relationships.)

After clip ping, we perform the seco nd operatio n: we divide out the
w component to get coo rdina tes in nonhomogen eous ha rdware pixel
coordina tes.

Po l ~von Tilm
N ow let's have a quicki e review of the mathemati cs of a
polygon tiler . A 3D polygon tiler begins with a list of the
pixel space coordinates of each vertex, W... P" p.] . It must
then do two things. First, it must identify which pixels lie
inside the polygon. Second, it must calculate a Z depth

value for each pixel inside the polygon to use in occlusion tests. We are
prim arily interested in this second calculation.

A tiling algor ithm consists of two nested loops, representi ng two suc­
cessive reductions in dimensionality. T he outer, Y, loop tracks the intersec­
tion of each edge with a current SCl1n line. T hat is, it in terpolates values for
[Pon P:] between the endpo ints of the edge as a function of the pixel
coo rdinate Y. T he inn er, X, loop then interpolates the [P.I value hori zon­
tally between pairs of edge inte rsections.

p

M
E - --=....... p
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or

p' =p; p'

Plug this and a similar expression for P" into the above, do a little algebra,
and you get

\Vhat does this mean? Compare this with linear interpo lation in pixel
space

p= r-+u(p" - P')

It means that a point , say. halfway between E' and E" transforms to a poin t
somrtuhrre on the line connecting P' and P", but not necessarily halfway
between them. To generalize, equally spaced dots along an edge in eye
space transform into dots that are indeed colinear in pixel space; they just
aren't equally spaced any more. This means that a flat polygon in eye space
transforms into a flat polygon in pixelspace. and we can use linear interpo­
lation for the Z values in pixel space.

Gettinv Colorful
With the invention of Gouraud shading, polygon tilers began linearly

interpolating colors across the polygon in the same way they interpo­
lated Z values. To make the tiler do th is, modify the machinery as follows.
For each vertex build a larger vector of values that include colors as well as
position coordinates. Each vertex looks like

[Ex , EJ , E., I,e mf' Cg> ..,,' CM,,]

Then feed this down the pipe. The first stage transforms the positional
components accord ing to matrix 1\1, yielding

[p" P" Po' p..c., C..... ' CW", ]

T his then goes to the clipper. Any inte rpolation done here is performed on
the color components as well as the positional components. (The percep­
tive reader might suspect that there is something fishy about the way we
are clipping colors. We will deal with this Iater.)

ffi orp~ tllff

After clipping, divide the w component out of the positional components:

The tiler gets an array of this form for each vertex. It then uses the same
machinery to interpolate color values as it uses to interpolate P=values.

To get consistent results regardless of how the polygon might be ro­
tated, we must have well-behaved color assignments. I use "well-behaved"
here in the same sense I did for P=values. For, say. the red color primary.
the vertex color assignments expressed as {P.n P,. CnJJ should be coplanar
(with a similar requirement for green and blue values). This makes the
color a linear function of the pixel space coordinates; that is, each color
primary is expressible in the form

CnJ =aX +hY +c

This is. of course, guaranteed if the polygon is a ma ngle. but it 's
perfectly possible for polygons with more sides. If the color assignments
don't satisfy this constraint then- according to most computer graphics
books-you split the polygon into triangles. But. as I explain below. this
isn't an adequate solution.

more Stuff
Why stop at color? Phong shading requires that we interpolate normal

vector components between endpoints. No problem. Jus t treat each
component the same way we do color components.

H ow about some more elaborate shading models? Suppose that we
have local light sources and that our lighting model depends on the loca­
tion of the viewer. For each point on the object, a different vector extends
from it to the light source and to the eye. We therefore need to calculate
the eye space point. E, corresponding to each pixel inside the polygon.

And then there's texture mapping . We can assign texture coordinates,
[e, v], to each vertex and interpolate them at each pixel. then use the
interpo lated values as input to some texture function .

T he naive approach is to just tack on more elements to our array

[p... .P~ ,pz, C..;. , ...•N ... , ...• E.... ..., u, v]
and linearly interpolate them all between polygon vertices. But there's a
hidden error here. Doing pure linear interpolation in pixelspace for E, U, and
v is reallynot correct. To appreciate this fully. let's look at a common example.
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pixel space coo rdinate [P..., P" P:] and tra nsform it
by the inverse of M to get back to eye space. T his
will produce someth ing with a nonunit w compo­
nent, so we have to divide it Out to get back to tru e
eye space.

P1\I-' =E=[E" E" E...E.]
EIE. =E

We can see th is diagrammatically in Figure 17.5, an en­
hanced version of Figu re 17.1. Crossing over the dotted
line rep resen ts a homogeneous divi sion .

Wh at does this mean? To feed our tiler we manufac­
ture an array of values for each polygo n vertex as follows:

Remember that we are calculating the pixel space
vecto r P by linearly interpolatin g between end- fiqur.1Uh Lines oj constantu
points in pixel space. Since P is related to E by a
nice linear matri x mu ltiplicatio n, we can effec-
tively "factor" th~ matrix multiplication out of the loop by linearly interp~­

lating between E values at its endpoints. We only need to find the E
coor dinates at each endpoin t ~f the edge.

In general, for any point E

E=P 1\1-' = ~ 1\1-' =E!'11\1_'
P, p.

II faltfrUh~ to 8f(crrect

AfasterWa~ to Be Correct
Doing a full matrix multiplication at each pixel is

slow and, fortunately, unnecessary. Loo k at the
above equation again:

E: P 1\I-'

so

(orrect ffiappin?
l et's see how to do this correc tly. This turns Out to

be easier if we change the problem slightly. Lets
instead solve the problem of finding eye space coor­
dinates, E, at each pixel. First we'll do this a simple
but stupid way. We simply take each interpolated

AProblemof Perspective

(hapterSmnteen:llqperbclk Interpolation

Suppose we have a square polygon with parametr ic coordinates [u, v]
defined at the four corners as [0, 0], (0, I], (I , 0], !I. I}. N ow let's be

really or iginal and map a checker board onro the square and view it in
perspective. If we simply interpolate the [11, v] param eter s linearly across

and down the polygon accordin g to the standard
tiling mach inery, we would get the checkerboa rd
like Figure 17.2b, with equal vertical spacing of the
small squares. This is not right. H ow can you tell?
Use a standard artists' trick: draw a diagonal to the
perspectivized square . If the perspective is corr ect,
the corners of the small squares should pass
th rough th is line. Try it; I'll wait. . . . N ot too
good, right? What we really want is for the check­
erbo ard to look like Figu re 17.2a. Try drawing the
diagona l line now and you' ll see that it works.

But th is isn 't the worst th ing that can happen.
Try ro tating the square a bit. You'd like to see the
nice picture in Figu re 17.3a. Instead you 'll get the
weird mess shown in Figu re 17.3b. Let 's see how
th is comes about . Figure 17.4a shows the results of
v interpolation. As the tiler scans out the top half of
the polygo n, v stays a constant 0 on the left edge,
and interpolates from 0 to 1 on the right edge.
Interpola ting across each scan line then gives the
constant v lines shown. On the bottom part of th e
polygon, v interpolates from 0 to 1 on the left edge
and stays a constant 1 on the right edge. Interpo­
lating across each scan line gives the constant v
lines show n. They arc all unpl easantl y bent. Its not
qui te so bad for int erpol ation of u values shown in
Figure 17.4b. H ere the lines aren 't ben t, but the y
still are incorrec tly equally spaced.

-'-*:>
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fiqurr11.2h l ncorrra pertpeaiue

riqurr I1Ja Correct perspective

riqurr l1.3b IncorrectpffSptetivt
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(P' +y (P" - P'J)M~'

p~ + y (P~'- P~ )

That is, if we clip_the E vecto r just like we do the ~ vector and then divide
it by the clipped P", value, we will get the correct E vec2;.0rs to interpolate
between in the polygon tiler. We are guaranteed th at P", -:t. 0 because the
clipper is designed to clip away just those types of points. N otice that
clipping applies to coo rdinates above the dotted line of Figure 17.5. The
moral: clip first and divide later.

E' +y(E" - E' )
" ""t; +y(p::-p~)

pm= pm"[pmP''' r: 1]
p~" x' J' z'

We then divide th is interpolate d point by its interpolated w component

p~"= t: + y (p~'- P~)

N ow apply this to Einterpolation. The Evecto r corresponding to this
clippe d P is

(Iivvin~

to give the endpo int of the edge in pixel space

Why didn~t we worry about this when we did the hom ogeneous divi­
sion of P by P". to get P? Because these parts of the polygon are rem£ved
by the clipping process. Revelation! We want to defer the division by P", of
all our othe r auxiliary coordinates un til after clipping. Now all we have to

show is that th is generates the correct values geometrically.
Clipping happens in postperspective space before the homogeneous

division. T hat is, it happens to P coordinates and is itsel f a linear interpo­
lation of the points in homogen eous space. Let's say our edge from P' to
P"straddles a clip boundary. The clipper calculates a proportional distance
'Y where the edge hits the bou ndary. The clipped point is then

pm"p' +y(P" -P'J

Clippin?

Interpolate the last three values across th~ polygon lust like before. T hen,
at each pixel, divide the interpolated ulP", and ulP", by the interpolated
11P", . It works .

Pz=aX+bY +c

T he first three elements are the position al coordinates in postperspective
pixel space. T he last four arc values that, when linearly interpola ted along
edges, give four homogeneous coor dinates of the point in eye space. You
can use the same int er polation techn ique used to in terpolate the P, value.
'Ye still must divide, on a pixel-by-pixel basis, the int erpo lat ed E", Ey • and
Ez values by the interpolated E", value to get the true eye space vector E.

We have basically shown tha t while we can interpolate P, linearly since
it's of the form

Whenever you see a division in an expression you should imm ediately be
worried by the poss ibility tha t the denominator might be O. What does

this mean here? If P; = 0, it mea ns that th e poi nt P is at infinity. T his will
come from a point in eye space tha t's in the same plane as the eye, that is
E~ = O. This is a perfectly reasonable situation and we have to be able to
deal with it.

Ihapter Seventeen: Hyperbolic Interpolation

[
u V I ]P" , p] , P~ , -zr- , -z-: , -zr-

P", P7JJ P",

we should interpolate, say, E, byperbolically since it is of the form

E =uX+bY+c
, dX+,Y+f

This hyperbolic interpolation is just th e quo tient of two linearly interpo­
lated quantities. We might have seen this by the relation between Q. and I)
un der the "Another Question" section earl ier.

Again, referring to Figure 17.5, we find tha t linear inte rpo lation of coor­
dinates below the dotted line implies hyperb olic interpolation for coordinates
above the line. And vice versa. Note, however, that while each component ofE
is a hyperbolic function of P, all the points of E are sti ll coplanar.

Now back to texture parameters. In order for th em to be well behaved
they must be related to eye space coordina tes by another nice linear
function. We can then calculate them by the same machinery we use to
calculate the eye space coordinates. We build a vecto r of

17~
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moreabout Ioler
SO what abou t colors, C, and normal vector components, N? So far we

have been interpolating them linearly in P space. This sounds OK, bu t
conside r the following. Suppose you had a squa re polygon and your
shading calculat ions gave one color to the two left vertices and another to
the two right ver tices, a simple gradation of color across the square. You
might th ink that this wou ld be well beh aved accor ding to our defini tion
above. But its not well behaved if th e square is viewed in perspective. Look
again at Figure 17.43 and pretend that v re presents COIOf. Ick. A nd dividing
it into triangles uon't help, since that is effect ively what the tiler did for the
specific or ienta tion I picked for Figure 17043.

Now admitted ly real shading situations aren't so violent, because the
values of the colors and normal componen ts aren't usually rad ically differ­
ent for the various ver tices. A lot of renderers don't worry about it for th is
reason . But it's not too hard to do it right; we interpolate colors hyperboli­
cally. And when you think about it, it really makes the most sense to define
color values and normal vecto r componen ts to be linearly int erpolated in
preperspective eye space JUSt like textu re coordinates . T his is a sensible
approach because distance measure ments still make sense in eye space.

T he added bonus is tha t interpola ting colors hyperbolically means tha t
we clip the colors correctly.

The new mechanism
s. 0 here 's the whole story.

1. Co nstruct an array of values for each vertex of the polygon

T he auxiliary components following P", can be any values you
intend to linearly interpolate in non -perspective-disto rted eye
space. Note the constant 1 at the end.

2. Per form the standard clipping process, interpolating all values if any
clipping is don e.

3. After clipping it's time for the homogeneous division. In the original
algorithm we just d ivid~d P by P", .N ow, the correct thing is to divide
the entire array by the P", value, colors and all. This gives

or

[~~ , P" P= ,l , C'd ' ..., Er , • • ,N" , ...,u, ...,i]
This final value, which I have fancifully written as i , is the homogen e­
ous coordinate, the w value, for each of the auxiliary vectors we are
interpo lating. That is,

4. Interpolate all values linea rly down polygon edges and across scm lines
internal to the polygon. Remember, the value of i is different at the
various verti ces, so it too changes across the polygon.

5. At each pixel, divide the auxiliary components (C, E, N, it , and v) by
the final element, i , to get the pro per perspectively pro jected value.
We are guaranteed that 1 will never be O. \Vh y? Because after clipping
all p.. values are positive.

6. Ca lculate the pixel color using these values as input to some shading
mod el.

There is ano ther organizational th ing goin g on here. T he clipp ing and
homogen eous division, and even the tiler, do not need to know the mean­
ing of the auxiliary components . They can operat e just fine given only the
total length of the array. T he only code mat needs to know the arrays
interp retation is the code that feeds vertices into the pipe and the code that
colors the ver tices that come out of it, that is, steps I and 6. T his means
that you can make a system that lets use rs select which and how many
things to interpolate, without needing to change steps 2 through 5.

Hnythi nv fhe?
The new way to do inter polation is pr~tty simple. Within the polygon tiler

we have just one more extra value, 1, to inte rpo late. But the n we must
divide th is into all our auxiliary variables on a per-pixel basis. Can we get
rid of the nasty old division?

If the i values on each endpoin t are equal, you could divide it out before
interpolating. T his will happen if the Z depths are equal at the left and right
edges of each scan line. This places certain restrictions on the polygons and
their 3D orientation , bu t in these situations it can obviously speed things
up considerably. The renderin g engine for the popular Doom gam e works
this way; in fact, it scans out polygon s vert ically when they are oriented so
that vertical scan columns have equal Z depth on top and botto m.
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Tne~omo~eneom
Penpective Tramform

f irst, Jets review how homogeneous coordinates work. We represent a 3D
point in what I' ll call real space, [X, Y, 2] , as a four-element vector [x, y,

z, w] in homogeneous space. To help distinguish real space from homoge­
neous space, I'll write real space coordinates in uppercase and homogeneous
space coordinates in lowercase. The relation between them is

lX,Y,z]~ [-=- ,L,-=-]
w w w

Homo?eneous Coordinate Representation

M AY

most of the transformations used in computer graphicsare pretty boring:
rotations, scales, translations, and even shears. But for pure weirdness

you can't top the perspective transformation. Most people don't have an
intuitive feel for what this transform does to a shape, so in this chapter, I
will try to provide one. T his intuition will have practical application in
selecting near and far clipping planes to avoid depth resolution problems
with many types of rendering algorithms. To understand perspective, we
will first have to review some interesting topological propert ies of the
.space represented by homogeneous coordinates.

(No tice that many different homogeneous space vectors can represent
the same real space poinr.) Even though we migh t have points repre­
sented as a four vector during some of the processing, we ultimately will
need to convert back to real space by dividing out the w component .

(haptu Ieventeen: ~qp prboli ( lnterpehtien
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In the more general case, we could approximate the hyperbolic curve
we want by some sort of higher-order polyn omial approximation. T hat's
the approach taken in Wolberg's book '

T he technique I described in this chapter was also independently
discovered by Heckbert and ~Ioreton . 2
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