
Appendix A

Differentiation Rules

Implicit haptic rendering, as described in Chapter 5, requires the computation of several Jacobians. In

this appendix I review some useful differentiation rules for the computation of Jacobians, and I derive

terms necessary in the implementation of implicit integration for rigid body dynamic simulation with

haptic interaction.

A.1 Vector Differentiation Rules

A.1.1 Jacobian

Given a system of equations expressed in vector form asy = f(x), the Jacobian matrix can be written

as:

J =
∂y
∂x

=



















∂y1
∂x1

∂y1
∂x2

... ∂y1
∂xm

∂y2
∂x1

∂y2
∂x2

... ∂y2
∂xm

... ... ... ...

∂yn
∂x1

∂yn
∂x2

... ∂yn
∂xm



















. (A.1)

Note that, according to the above definition of the Jacobian,the derivative of each of the equations,

∂yi
∂x , is represented as a row vector.

A.1.2 Derivative of a dot product

u ·v = uTv (A.2)

∂ (u ·v)

∂w
= uT ∂v

∂w
+vT ∂u

∂w
. (A.3)
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A.1.3 Derivative of a cross product

A cross productu×v can be regarded as a linear transformation onv:

u×v = u∗v, (A.4)

whereu∗ is a matrix defined as:

u∗ =













0 −uz uy

uz 0 −ux

−uy ux 0













. (A.5)

Note some properties of cross products:

u×v =−v×u, (A.6)

u∗v =−v∗u. (A.7)

From these, one can deduce that:

∂ (u×v)

∂w
= u∗

∂v
∂w
−v∗

∂u
∂w

. (A.8)

A.1.4 Gradient

The gradient can be regarded as the computation of the derivative of a scalar function w.r.t. a vector.

Using the notation of Jacobians introduced earlier, the derivative of each scalar function is represented

as a row vector. Considering the gradient as a column vector leaves the following relation:

∇w f (w) =

(

∂ ( f (w))

∂w

)T

. (A.9)
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A.1.5 Hessian

The Hessian matrix is the Jacobian of the gradient of a scalarfunction. Therefore, it can be represented

as:

Hw f (w) =
∂ (∇w f (w))

∂w
=



















∂ 2 f
∂w1

2
∂ 2 f

∂w1∂w2
... ∂ 2 f

∂w1∂wn

∂ 2 f
∂w2∂w1

∂ 2 f
∂w2

2 ... ∂ 2 f
∂w2∂wn

... ... ... ...

∂ 2 f
∂wn∂w1

∂ 2 f
∂wn∂w2

... ∂ 2 f
∂wn

2



















. (A.10)

A.1.6 Derivative of a vector multiplied by a scalar function

∂ ( f (w)u)

∂w
= f (w)

∂u
∂w

+u
∂ f (w)

∂w
. (A.11)

A.1.7 Derivative of a vector multiplied by a matrix

In this case it is more convenient to express the derivative w.r.t. each of the components of the vector

separately:

∂ (Mu)

∂wi
= M

∂u
∂wi

+
∂M
∂wi

u. (A.12)

A.2 Rotations

A.2.1 Quaternions

Let us define a unit quaternionq = (u,s), whereu = (x,y,z) is the vector part, ands is the scalar part.

The inverse ofq, q−1, is defined as:

q−1 = (−u,s) = (−x,−y,−z,s). (A.13)

A.2.2 Product of Quaternions

The product of two quaternionsab is defined as:
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ab = (asbu +bsau +au×bu,asbs−au ·bu) . (A.14)

It can also be regarded as a linear transformation onb, and represented as a matrix-vector product:

ab = Ab,

A =







a∗u +asI au

−aT
u as






=



















as −az ay ax

az as −ax ay

−ay ax as az

−ax −ay −az as



















. (A.15)

Similarly, it can be regarded as a linear transformation ona:

ab = Ba,

B =







−b∗u +bsI bu

−bT
u bs






=



















bs bz −by bx

−bz bs bx by

by −bx bs bz

−bx −by −bz bs



















. (A.16)

Note that there are some differences between the matrixA defined in Eq. A.15 and the matrixB

defined in Eq. A.16, because quaternion product is not commutative.

A.2.3 Derivative of a Product of Quaternions

It is convenient to regard the productab as a linear transformation onb, and express it asAb. Then,

following Eq. A.12, the derivative w.r.t. each component ofa vectorw is:

∂ (ab)

∂wi
=

∂ (Ab)

∂wi
= A

∂b
∂wi

+
∂A
∂wi

b. (A.17)

It is also interesting to study the derivative w.r.t. one of the quaternions involved in the product.
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For example, the computation of∂ (ab)
∂a requires the following matrices:

∂A
∂ax

=



















0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0



















,
∂A
∂ay

=



















0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0



















,

∂A
∂az

=



















0 −1 0 0

1 0 0 0

0 0 0 1

0 0 −1 0



















,
∂A
∂as

= I .

A.2.4 Quaternions and Rotations

3D rotations can be represented using unit quaternions. A rotationθ around a unit vectoru is repre-

sented by a quaternionq, where:

q =

(

sin

(

θ
2

)

u,cos

(

θ
2

))

. (A.18)

Then,q can be used to rotate a vectorv, applying two quaternion products:

vq,rot = qvqq−1, (A.19)

wherevq is a quaternion constructed asvq = (v,0), and the resulting rotated vectorvrot is the vector

part ofvq,rot .

The relation between a quaternion and a rotation matrix can be obtained by expressingvrot as a

linear transformation ofv:

vrot = Rv. (A.20)

Givenq = (x,y,z,s), one can deduce that:



180

R=













x2−y2−z2 +s2 2yx−2zs 2zx+2ys

2xy+2zs −x2 +y2−z2 +s2 2zy−2xs

2xz−2ys 2yz+2xs −x2−y2 +z2 +s2













. (A.21)

A.2.5 Derivative of a Rotation w.r.t. the Quaternion

In order to differentiate a rotationqvqq−1 w.r.t. q itself, it is convenient to represent the rotation using

the rotation matrixR defined byq. Then, the derivative is simply a special case of the expression

defined in Eq. A.12. The derivative w.r.t. each component ofq is:

∂vrot

∂qi
=

∂ (Rv)

∂qi
= R

∂v
∂qi

+
∂R
∂qi

v. (A.22)

Givenq = (x,y,z,s), the partial derivatives of the rotation matrixRare:

∂R
∂x

= 2













x y z

y −x −s

z s −x













,
∂R
∂y

= 2













−y x s

x y z

−s z −y













,

∂R
∂z

= 2













−z −s x

s −z y

x y z













,
∂R
∂s

= 2













s −z y

z s −x

−y x s













. (A.23)

A.2.6 Time Derivative of a Rigid Body’s Quaternion

The orientation of a rigid body can be described by a quaternionq. Mirtich [Mir96] describes the time

derivative of this quaternion based on the angular velocityω as:

q̇ =
1
2

ωqq. (A.24)

As indicated by Eq. A.16, this formula can be expressed as a linear transformation onωq. Given

q = (u,s) = (x,y,z,s), and knowing thatωq = (ω ,0), the linear transformation is:
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q̇ = Qω,

Q =
1
2







−u∗+sI

−uT






=

1
2



















s z −y

−z s x

y −x s

−x −y −z



















. (A.25)

The Jacobian oḟq w.r.t. q, following Eq. A.12, requires the partial derivatives ofQ w.r.t. each of

the components ofq.

∂Q
∂x

=
1
2



















0 0 0

0 0 1

0 −1 0

−1 0 0



















,
∂Q
∂y

=
1
2



















0 0 −1

0 0 0

1 0 0

0 −1 0



















,

∂Q
∂z

=
1
2



















0 1 0

−1 0 0

0 0 0

0 0 −1



















,
∂Q
∂s

=
1
2



















1 0 0

0 1 0

0 0 1

0 0 0



















.

A.2.7 Transformation between Euler Angles

Euler angles describe arbitrary rotations as 3 successive rotations around the coordinate axes. Assum-

ing XYZEuler angles in global coordinates, the resulting rotationmatrix is:

R= Rot(z,θz) Rot(y,θy) Rot(x,θx) =













cθycθz sθxsθycθz+cθxsθz −cθxsθycθz+sθxsθz

−cθysθz −sθxsθysθz+cθxcθz cθxsθysθz+sθxcθz

sθy −sθxcθy cθxcθy













.

(A.26)


