Appendix A

Differentiation Rules

Implicit haptic rendering, as described in Chapter 5, nezguihe computation of several Jacobians. In
this appendix | review some useful differentiation rulestfee computation of Jacobians, and | derive
terms necessary in the implementation of implicit inteigrator rigid body dynamic simulation with

haptic interaction.

A.1 Vector Differentiation Rules

A.1.1 Jacobian

Given a system of equations expressed in vector forgn-a$(x), the Jacobian matrix can be written

as:
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Note that, according to the above definition of the Jacoltienclerivative of each of the equations,

9yi

x is represented as a row vector.

A.1.2 Derivative of a dot product

u-v=u'v (A.2)
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A.1.3 Derivative of a cross product

A cross productl x v can be regarded as a linear transformatiow:on

uxv=u'v, (A.4)
whereu* is a matrix defined as:
0 —u;, u
—Uy Uy 0

Note some properties of cross products:

UxXV=—-Vxu, (A.6)

u*v = —v*u. (A.7)

From these, one can deduce that:

duxv) ,odv  du
—aw =u d—w_vd—w' (A.8)

A.1.4 Gradient

The gradient can be regarded as the computation of the teeid a scalar function w.r.t. a vector.
Using the notation of Jacobians introduced earlier, thivatére of each scalar function is represented

as a row vector. Considering the gradient as a column vessvek the following relation:

O (W) = <a(f(w))>T. (A.9)
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A.1.5 Hessian

The Hessian matrix is the Jacobian of the gradient of a shalation. Therefore, it can be represented

as:
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A.1.6 Derivative of a vector multiplied by a scalar function

d(f(w)u) Jdu df(w)

= f(w) o U= (A.11)

A.1.7 Derivative of a vector multiplied by a matrix

In this case it is more convenient to express the derivative. wach of the components of the vector
separately:
d(Mu) ~du JM

o = Mow tow (A.12)

A.2 Rotations

A.2.1 Quaternions
Let us define a unit quaternian= (u,s), whereu = (X, Y, z) is the vector part, anslis the scalar part.

The inverse ofj, q‘l, is defined as:

-1

g =(—u,8) =(—x—-Y,—z259). (A.13)

A.2.2 Product of Quaternions

The product of two quaterniorab is defined as:
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ab = (ashy + bsay + ay x by, ashs —a, - by) . (A.14)

It can also be regarded as a linear transformatiob,@md represented as a matrix-vector product:

ab = Ab,
s —a; ay &

A= = . (A.15)

Similarly, it can be regarded as a linear transformatio@:on

ab = Ba,
bs b, —by by
—bi+bgl b b, b
B— S = b b by . (A.16)
—bj bs by —by bs b

—bx —by —b; bs
Note that there are some differences between the mattiefined in Eq. A.15 and the matr&
defined in Eg. A.16, because quaternion product is not coumeat
A.2.3 Derivative of a Product of Quaternions

It is convenient to regard the produath as a linear transformation dn and express it adb. Then,
following Eqg. A.12, the derivative w.r.t. each componenaofectorw is:
d(ab) J(Ab) db  JA

R S (A.17)

It is also interesting to study the derivative w.r.t. onetw fjuaternions involved in the product.
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For example, the computation @% requires the following matrices:

00 0 1 0 0 10
IA 0 0-10 IA 0 0 01
9% | 9 1 0 o 9 | 1 9 0o
10 0 0 0 -1 00
0 -1 0 0
on |10 00 oA _
da, 0001’ das
0 0 —10

A.2.4 Quaternions and Rotations

3D rotations can be represented using unit quaternionstaiioa 6 around a unit vectou is repre-

sented by a quaternian where:

o Ynd2)

Then,q can be used to rotate a vectgrapplying two quaternion products:

Vgrot = QVqd (A.19)

wherevy is a quaternion constructed eg= (v,0), and the resulting rotated vectag, is the vector
part ofvgot.
The relation between a quaternion and a rotation matrix eaokained by expressingy; as a

linear transformation of:

Givenq = (x,Y,z5), one can deduce that:
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Xy -2+ 2yx— 2zs 27X+ 2ys
R= xy+2zs X+ yY -2 +& 2zy— 2xs : (A.21)
2Xz— 2ys 2yz+ 2xs X -+ P4

A.2.5 Derivative of a Rotation w.r.t. the Quaternion

In order to differentiate a rotatiogvgq ! w.r.t. q itself, it is convenient to represent the rotation using
the rotation matrixR defined byg. Then, the derivative is simply a special case of the exjmass

defined in Eg. A.12. The derivative w.r.t. each componer ist
OViot 09 (Rv) ov OJR

=— 2 =R— 4+ —V. A.22
oG a2q; og 04 ( )

Givenq = (x,Y,z,9), the partial derivatives of the rotation matfare:
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OR OR
9z s —zYy | s z s —X (A.23)
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A.2.6 Time Derivative of a Rigid Body’s Quaternion

The orientation of a rigid body can be described by a quataipi Mirtich [Mir96] describes the time

derivative of this quaternion based on the angular velaoips:
.1
q= éwqq. (A.24)

As indicated by Eq. A.16, this formula can be expressed asealitransformation owg. Given

q=(u,s) = (x,Y,zs), and knowing thatvy = (w,0), the linear transformation is:
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q = Qu,
s z -y
—u*+sl -z s X
Q= % - % . (A.25)
—u' y —X S
X -y -z

The Jacobian of] w.r.t. g, following Eq. A.12, requires the partial derivatives@fw.r.t. each of

the components af.
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A.2.7 Transformation between Euler Angles

Euler angles describe arbitrary rotations as 3 successiggons around the coordinate axes. Assum-

ing XY ZEuler angles in global coordinates, the resulting rotatiatrix is:

cBcl,  s6sB,cO,+cbisB, —cbisbych;+ sbksh,
R=Rot(z,6,) Rot(y, &) Rot(x,6) = | —c6,s8, —s6ksOysE,+cOkch, CBSH,SH; + SOxCh,

s6y —s6,chy cOychy
(A.26)



